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Abstract 

An acyclic edge coloring of a graph G is a proper edge coloring such that 
no bichromatic cycles are produced. The acyclic chromatic index a'(G) of G is 
the smallest integer k such that G has an acyclic edge coloring using k colors. 
Fiamcik (1978) and later Alon, Sudakov and Zaks (2001) conjectured that 
a '(G) < A + 2 for any simple graph G with maximum degree A. Basavaraju 
and Chandran (2009) showed that every graph G with A = 4, which is not 
4-regular, satisfies the conjecture. In this paper, we settle the 4-regular case, 
i.e., we show that every 4-regular graph G has a'(G) < 6. 

Keywords: acyclic edge coloring; 4-regular graph; maximum degree 

AMS subject classification. 05C15 

1 Introduction 

Only simple graphs are considered in this paper. Let G be a graph with vertex 
set V(G) and edge set E(G). A proper edge-k- coloring is a mapping c : E(G) — > 
{1, 2, . . . , k} such that any two adjacent edges receive different colors. The graph G 
is edge-k- colorable if it has an edge-fc-coloring. The chromatic index x'{G) of G is the 
smallest integer k such that G is edge-fc-colorable. A proper edge-/c-coloring of G is 
called acyclic if there are no bichromatic cycles in G, i.e., the union of any two color 
classes induces a subgraph of G that is a forest. The acyclic chromatic index of G, 
denoted a'(G), is the smallest integer k such that G is acyclically edge-fc-colorable. 
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Let A(G) (A for short) denote the maximum degree of a graph G. By Vizing's 
Theorem (26], A < x'(G) < A + 1. Thus, it holds trivially that a'(G) > x'(G) > A. 
Fiamcik [10] and later Alon, Sudakov and Zaks [lj made the following conjecture: 

Conjecture 1 For any graph G, a'(G) < A + 2. 

Using probabilistic method, Alon, McDiarmid and Reed [2] proved that a'(G) < 
64 A for any graph G. This bound has been recently improved to that a'(G) < 16 A in 
[15], that a'(G) < [9.62(A - 1)] in [IB], and that a'{G) < 4A in [9]. In [Tf], Nesetril 
and Wormald proved that a'(G) < A + 1 for a random A-regular graph G. The 
acyclic edge coloring of some special classes of graphs was also investigated, including 
sub cubic graphs [31 [18], outerplanar graphs [131 IH]> series-parallel graphs [121 122] - 
2-degenerate graphs [5], and planar graphs [6j [71 El HH [191 [231 [251 127J- in particular, 
Conjecture [1] was confirmed for planar graphs without 3-cycles [20], or without 4- 
cycles [21], or without 5-cycles [21]. It was shown in [6] that every planar graph G 
has a'(G) < A + 12. This upper bound was recently improved to that a'(G) < A + 7 
[25]. 

Basavaraju and Chandran [I] showed that if G is a graph with A = 4 and \E(G) \ < 
2\V(G) \ — 1, then a'(G) < 6. Equivalently, every non-regular graph G with A = 4 
satisfies Conjecture 1. In this paper, we will settle the case where G is 4- regular. Our 
result and the result of [I] confirm Conjecture 1 for graphs with A = 4. 

2 Acyclic chromatic indices 

In this section, we discuss the acyclic chromatic indices of 4-regular graphs. Before 
establishing our main result, we need to introduce some notation. 

Assume that c is a partial acyclic edge-fc-coloring of a graph G using the color 
set C = {1,2, ... ,k}. For a vertex v G V(G), we use C{y) to denote the set of 
colors assigned to edges incident to v under c. If the edges of a cycle ux . . .vu are 
alternatively colored with colors i and j, then we call such cycle an (i, j)t U)V y cycle. 
If the edges of a path ux . . . v are alternatively colored with colors i and j, then we 
call such path an (i, j)( UiV )-path. In the following Figures, black spots are pairwise 
distinct, whereas the others may be not. 

For simplicity, we use {e±, en • ■ ■ , e m } — > a to express that all edges e\, e%, • • • , e m 
are colored or recolored with the color a. In particular, when m = 1, we write simply 
ei — > a. Moreover, we use (ei, e 2 , ■ • • , e m ) c = (oi, a 2 , • • ■ , a m ) to denote the fact that 
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c(ej) = Oj for i = 1, 2, . . . , m. Let (ei, e 2 , ■ • • , e n ) —> (bx, b 2 , ■ ■ ■ , b n ) denote the fact 
that Ci is colored or recolored with the color bi for i — 1,2, . . . ,n. 

Now we give two useful lemmas, which will be used in the following discussion. 

Lemma 1 Suppose that a graph G has an edge-6- coloring c such that c(uv) = i, 
where uv is an arbitrary edge of G. If uv can be recolored properly with the color 
j (7^ i), then G contains no (i, j)( UyV ypath under c. 

Lemma [1] holds obviously by the definition. 

Lemma 2 Suppose that a graph G has an edge- 6- coloring c. Let P = uv\v 2 . . . VkVk+i 
be an {i, j) ( UiVk+1 ypath in G with c(uvi) = % and j ^ C{u). If w ^ V(P), then there 
does not exist an (i, j)( u ,w)-P a th in G under c. 

Proof. Otherwise, assume that there is an (i, j)( uu ,)-path Q = uw\W2 ■ ■ ■ w m in 
G, where w = w m and m > 1. Note that some w s may be identical to some v t , 

1 < s < m — 1, 1 < t < k + 1. Since j ^ C(u) and w ^ V(P), it is easy to see that 
there exists a vertex vt and some vertex w s such that VtVt+i and Vtw s have the same 
color i or j, which contradicts the fact that c is a proper edge coloring. □ 

Theorem 1 If G is a 4-regular graph without 3-cycles, then a'{G) < 6. 

Proof. By Vizing's theorem [26], G admits a proper edge-6-coloring c using the color 
set C = {1,2,..., 6}. Let r(c) denote the number of bichromatic cycles in G with 
respect to the coloring c. If r(c) = 0, then c is an acyclic edge-6-coloring of G, hence 
we are done. Otherwise, r(c) > 0. Let B be a bichromaic cycle of G. We are going 
to show that there is a proper edge-6-coloring c', formed by recoloring suitably some 
edges of G, such that B is no longer a bichromatic cycle and on new bichromatic 
cycles are produced. Namely, r(c') < r(c). Repeating this process, we finally obtain 
an acyclic edge-6-coloring c* of G. 

To arrive at our conclusion, assume, w.l.o.g., that B is a (4, l)( U)1 ,)-cycle with 
c{uv) = 1. Let Ui,u 2 ,Us be the neighbors of u different from v, and ^1,^2,^3 the 
neighbors of v different from u. Since G contains no triangles, u\, u 2 , U3, V\, v-i, V3 
are pairwise distinct. Clearly, we may assume that c{uu 2 ) = c(vv 2 ) = 4. Since 

2 < \C(u) n C(v)\ < 4, the proof is split into the following three cases, as shown in 
Fig.l. 

Case 1 \C{u) PI C(v)\ =2, say {uu\, uu 3 ) c = (2, 5) and {vv\, vv 3 ) c = (3, 6). 

By symmetry, we may assume that C{u 2 ) G {{1, 4, 3, 6}, {1, 4, 2, 6}, {1, 4, 2, 5}}. 
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(4,l) M -cycle (4,l) M -cycle (4JL) M -cycle 




\c{u)C]C{v) = 2 \c(u)C]C(v] = 3 \C{u)f]C{v)\ = 4 

Fig. 1: Three cases on \C(u) n C{v)\ = 2,3,4. 



Case 1.1 C(u 2 ) = {1,4,3,6}. 

Assume that 3 G" C(ui) U C{u 3 ). If G contains no (4, 3)( Ul]U2 )-path, then let 
(uui,uv) (3,2). Otherwise, G contains a (4, 3)( Ul)U2 )-path and let (uu 3 ,uv) — > 
(3,5). Otherwise, assume that 3 G C(«i) UC(« 3 ) and 6 G C(«i) UC(w 3 ). If 1 C(ui) 
and G contains no (1, 5)( nii „ 3 )-path, then let (uu\,uv) — >• (1,2). If 4 G" C(ui) and G 
contains no (4, 5)( UliU3 )-path, then let (uui,uu 2 ) — >■ (4,2). By Lemma [21 no new 
bichromatic cycles are produced. Otherwise, assume that: 

(*i.i) 

(a) {1,4} C C{ui), or G contains a (5,i)( Ul!U3 )-path for any i G {1, 4}\C(rti); 

(b) {1,4} C C{u 3 ), or G contains a (2,i)r Ul>tt3 \-path for any % G {1, 4}\C(u 3 ); 

(c) {1, 4, 3, 6} C C(ui) U C(u 3 ); 

(d) 5 G t/ {1, 4}\C(«i) + and 2 G C(« 3 ) «/ {1, 4}\C(« 3 ) ^ 0. 
(1.1.1) Assume that 2 ^ C(u 3 ). 

By (*i.i), {1,4} C C(u 3 ). If 1 £ C7(ui), then let (ixwi, uu 3 , uv) -> (1,2,5). If 
4 ^ C(tti), then let (uui,uu2,uu 3 ) — > (4,5,2). Thus, {1,4} C C(«i) and assume that 
C(ui) = {1,2,3,4} and C(w 3 ) = {5,4,1,6} since {3,6} C C(«i) U C(u 3 ) by 
If 1 ^ C(vi), then let (uu 2 ,uu 3 ) -> (5,3). If 1 ^ C(u 3 ), then let (uui,uu 2 ) -> (6,2). 
Otherwise, 1 G C7(«i) n C(t> 3 ). 

Suppose that we can recolor some edges in {vvi, vv 2 , vv 3 } such that C{u) nC(v) G 
{{1,2}, {1,5}}, or C{u)nC(v) G {{1,2, 4}, {1,5, 4}} and c(vv 2 ) ^ 4, and no new 
bichromatic cycles are produced in G — uv. By Lemma [2} B does not exist even if 
4 G C(u). If G contains a (1, i)( U!V )-cycle for some % G {2,5}, then let (uui,uu 3 ) — >■ 
(5, 2) and no new bichromatic cycles are produced. Next, we claim that: 

(*i) If we can recolor some edges in {vvi,W2,vv 3 } such that C(u)nC(v) G {{1, 2}, {1, 5}}, 
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or C{u) C\C(v) G {{1, 2, 4}, {1, 5, 4}} and c{vv 2 ) ^ 4 ; and no new bichromatic cycles 
are produced except the (1, i)^ v y cycle for some i G {2,5}, we are done. 

• Assume that C{v 2 ) = {4, 1, 2, 5}. 

If G contains no (3, i)(„ lj „ 3 )-path for some i G {2, 5, 4}\G(t> 3 ), then let (vv 3 , vv 2 ) — > 
(i, 6) by LemmaEJ Otherwise, G contains a (3, i)( Ul)t)3 )-path for every i G {2, 5, 4}\C(v 3 ) 
and a (6, z)(„ liU3 )-path for every i G {2, 5, 4}\C(vi) similarly. Thus, 3 G C{v 3 ) and 
6 G C{vi). However, {2,5,4} C C{vi) U C(v 3 ), a contradiction. 

• Assume that {2, 5}\C(v 2 ) ^ and 2 £ C(v 2 ). (If 5 £ C(v 2 ), we can first let 
(uui,uus)c = (5,2) and have a similar discussion.) 

By symmetry, C{v 2 ) = {4, 1, 3, 5} or C{v 2 ) = {4, 1, 3, 6}. 

(i) C(v 2 ) = {4,1,3,6}. 

If G contains neither a (2, 3) -path nor a (2, 6)(t, 2it)3 )-path, then let vv 2 — > 2 
by (*i)- Otherwise, G contains a (2, 3)(„ li?;2 )-patli and 2 G G(t>i). Assume that 2 ^ 
G(i> 3 ). Then first let vv 3 — >■ 2. Next, if G contains no (4, 6)( U2i ,,)-path, then let — > 6; 
otherwise, G contains a (4, 6)( U2i „)-path, we let (uui, uu 3 , uv) —¥ (6, 2, 5). Assume that 
2 G C(v 8 ) and 5 G C{v t ) U C(v 3 ) similarly (It follows that {2,5} C C(v t ) U C(v 3 ) if 
G contains a (2, 6)( V2)t)3 )-path). Then, let (oti,«^,ud3) — >■ (4,2,3) by (*i). 

(ii) C(v 2 ) = {4,1,3,5}. 

If G contains no (2, 3)( t , 1|V2 )-path, then let vv 2 — > 2. Otherwise, G contains a 
(2, 3)(„ 1)t)2 )-path and 2 G C(ui). If 2 ^ G(w 3 ), then let (ff^-uf) — >■ (2,6). Otherwise, 
2 G C(v 3 ). If 4 G" G(t>i) and G contains no (4, 6)( Vl) ^)-path, then let {vvi,vv 2 ,uv) — > 
(4,2,3). Otherwise, 4 G G(t>i) or G contains a (4, 6)( t)1)W3 )-path. If 4 ^ G(%) and 
G contains a (4, 6)(„ ljU3 )-path, i.e., G(fi) = {3,1,2,6}, C{y 3 ) = {6,1,2,4}, then let 
{vvi, vv 2 , vv 3 , uv) —j- (4, 6, 5, 3). Otherwise, C(vi) = {3, 1, 2, 4}. If 5 ^ G(t> 3 ), then let 
(vv 2 ,vv 3 ) — > (6,5); otherwise, C{y 3 ) = {6,1,2,5}, let (vv 2 ,vv 3 ) — >• (6,4) and we are 
done by (*i) or Lemma [2j 

(1.1.2) Assume that 2 G G(w 3 ) and 5 G G(«i). 

Since {1,4,3,6} C G(ui)UG(w 3 ) by (*i.i), we conclude that C(«i) = {2,5, 1,3,5} 
and C{u 3 ) = {5, 2, 4, 6}, or C(«i) = {2, 5, 1, 4} and C(u 3 ) = {5, 2, 3, 6}. Let x u x 2 , x 3 ^ 
u be the other three neighbors of U\ and c(u\Xi) = 1. Note that G contains a 
(l,2) (cCliU3 )-path and 2 G G(a; 1 ) by (*i.i). 

• Assume that C{u\) = {2, 5, 1, 3}, C{u 3 ) = {5, 2, 4, 6}, and c{uix 2 ) = 3 

If G contains no (5,6)( uljU3 ) -path, then let {uu\,uv) — > (6,2). Otherwise, G 
contains a (5, 6)( Ul)U3 )-path. If G contains no (3, 2)(. I . 2)U3 )-path, then let (uu 2 ,uu 3 ) — > 
(5, 3); otherwise, assume that G contains a (3, 2)( X2jU3 ) and 2 G G^)- If {4, 6}\G(xj) ^ 
for some i G {1,2}, then let {uu 2 ,uu 3 ,uv) — >■ (5, c^iXj), 2) and recolor wwi with a 
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color in {4,6}\C(x;). Otherwise, Cfa) = {1,2,4,6} and C{x 2 ) = {3,2,4,6}. Then, 
we switch the colors of u\Xi and uix 2 , and let (uu 3 ,uv) —> (1,5). 

• Assume that C(u\) = {2, 1, 5, 4}, C{u 3 ) = {5, 2, 3, 6}, and 0(11,1X2) = 4. 

Note that G contains a (4, 2)( UliU3 )-path by (*i.i) and then 2 G C(x 2 ). Assume 
that 3 ^ C(x 2 ). If G contains no (3, 5)( Ul)lt3 )-path, then let (uui,uv) — > (3,2); oth- 
erwise, G contains a (3, 5)( M1)U3 )-path and then let (uui,uu 2 ,uu 3 ,uv) —> (3,5,4,2). 
Otherwise, 3 G C(x 2 ) and 6 G C(x 2 ) similarly. Thus, C(x 2 ) = {4,2,3,6}. Assume 
that 3 G" C(xi) and first let uui — > 3. Next, if G contains no (3, 4)( Ul U2 )-path, then let 
(uu 3 ,uv) — > (1,2); otherwise, G contains a (3, 4)( M1)U2 )-path, we let (uu 2 ,uu 3 ,uv) — > 
(2,4,1). Otherwise, 3 G C(x l ) and 6 G C(x x ) similarly. Thus, C{x{) = {1,2,3,6}. 
Then, switch the colors of u±xi and U\X 2 and let (uu 3 ,uv) —> (1,5). 

By (*i.i) and Lemma [2], no new bichromatic cycles are produced, as shown in 
Fig. 2. 




c( Ml )= {2,5,1,3} c( Ml ) = {2,5,1,4} 

C(m 3 ) = {5,2,4,6} C(k 3 ) = {5,2,3,6} 



Fig. 2: The coloring in Case 1.1.2. 

Case 1.2 C(u 2 ) = {1,4,2,6}. 

If C(v 2 ) = {1,4, 2, 5}, we reduce the proof to Case 1.1. Thus, {2, 5}\C(v 2 ) ^ 0. If 
G contains no (2, 2)( UliU3 )-path for some i G {1,3}\C(m 3 ), then let (uu 3 ,uv) — > (2, 5). 
Otherwise, assume that: 

(*i.a) 

(a) {1,3} C C{u 3 ), or G contains a (i,2)( Ul ^ U3 ypath for any i G {l,3}\C(u 3 ); 

(b) {1, 3} C C{u 3 ) U C( Ul ), and 2 G C(u 3 ) if {1, 3}\C(u 3 ) ^ 0. 

Case 1.2.1 2 £ C(tt 3 ). 

Then {1,3} C C(u 3 ) by (*!. 2 ). If 4 £ C{u x ), then let {uu u uu 2 ,uu 3 ) (4,5,2). 
If 1 C(ux) and G contains no (4, 2)( U2iU3 )-path, then let (uui,uu 3 ,uv) — > (1,2,5). 
Otherwise, 1 G C(«i) or G contains a (4, 2)( M2j?t3 )-path. 
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• Assume that C{u 3 ) = {5, 1,3,6}. 

Clearly, 1 £ C(u\) and first let uu 3 — > 4. Next, if 5 £" C(ui), then let uu 2 — > 5 and 
we are done by LemmaEl Otherwise, C{u\) = {2, 1,4,5}, we let (uu 2 ,uv) — > (3,5). 

• Assume that G(w 3 ) = {5, 1, 3, 4}. 

If G contains no (4, 6)( U2i?13 )-path, then let (uu 3 ,uv) —> (6,5). Otherwise, assume 
that G contains a (4, 6)( U2)U3 )-path. We have to handle two possibilities: 

(i) 1* CM. 

It follows that G contains a (4, 2)( U2iU3 )-path. If 5 £" C(u x ), then let (uu x ,uv) — > 
(1,2). If 6 £ C(ui), then let (uui,uv) ->• (6,2). Otherwise, G(?/i) = {2,4,5,6} and 
first let uu 3 — >■ 6. If G contains no (3, 6)( Uljn3 )-path, let (uui,uu 2 ,uv) — > (3,5,2); 
otherwise, let (uu 2 ,uv) — >• (3,5). 

(ii) 1 £ C{u x ). 

First assume that 3,5 ^ C{u\). Let uu\ — > 3. If G contains no (2, 4)( U2i „ 2 )-path, 
we let — )■ 2; otherwise, let (uu 3 ,uv) — > (2,5). 

Next assume that {3,5} n G(«i) ^ and 6 £" C(ui). If 3 ^ C(tti), then let 
w) — > (3, 5, 6, 2). So assume that 3 £ C(u±), i.e., G(«i) = {2, 1, 4, 3}. 
Let uu\ — > 6. If G contains no (4, 2)( M2jl , 2 )-path, further let uv — > 2; otherwise, 
{uu 3 , uv) — > (2, 5). 

Case 1.2.2 2 £ C(u 3 ) and G contains a (2, z)( uiin3 )-path for any i £ {1, 3}\G(ti3). 
(1.2.2.1) Assume that G contains no (2, 3)( nijU2 )-path. 

If G contains no (1, 3)( U2iVl )-path, then let uu 2 — > 3. Otherwise, G contains a 
(1, 3)( n2jl)1 )-path and 1 £ C(v\). If C{yi) = {3,1,2,5}, then by Case 1.1, we can 
break that (1, 3)( Ujl) )-cycle by setting uu 2 — > 3 and hence break the bichromatic cycle 
B such that no new bichromatic cycles are produced. Thus, {2,5}\G(t>i) 7^ 0. 

Assume that there exists a £ {2, 5}\(G(-Ui) U C{v 2 )). If G contains no (6, a)^^)- 
path, then let (vvx,uv) —> (a, 3); otherwise, let (vv 2 ,uu 2 ,uv) — > (a, 3, 4). Thus, 
assume that {2,5} C C{v x ) U C(v 2 ) and 2 £ G(^i)\G(t> 2 ), 5 £ G(w 2 )\G(t>i) (if 
5 £ C(vi)\C(v 2 ) and 2 £ C(v 2 )\C(vi), we can let uu 2 — > 3 and have a similar 
discussion) . 

If G contains neither a (2, 3)(„ l5 „ 2 )-path nor a (2, 6)(t, 2i t, 3 )-path, then let (vv 2 , uu 2 , 
uv) — > (2,3,4). Otherwise, G contains either a (2, 3)(„ ljl)2 )-path or a (2, 6)(„ 2i „ 3 )-path. 

• Assume that G contains a (2, 3)(t, l5 „ 2 )-path, implying C{v 2 ) = {4, 1, 5, 3}. 

If {1,2}\ C{v 3 ) + 0, then let uv 6 and vv 3 ^ a e {1, 2}\C(v 3 ); other- 
wise, {1,2} C C{v 3 ). If 4 G(t>i) and G contains no (4, 6)( 1 , lj „ 3 )-path, then let 
(vvi,vv 2 ,uv) — > (4,2,3); otherwise, 4 £ G(t>i), or G contains a (4, 6)( t , lj „ 3 )-path and 
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C( U1 ) = {3,1,2,6},C( U3 ) = {6,1,2,4}. 

If 4 £ C(ui), then let (wi,uu) ->■ (5,3). Otherwise, C(ui) = {3,1,2,4}. If 
G contains no (4, 5)( t , 1)V2 )-path, then let (vvi,uv) — >■ (5,3); otherwise, G contains 
a (4, 5)(„ 1) „ 2 )-path. If 5 C(t> 3 ), then let (vv 3: uv) — > (5,6). Otherwise, C(v 3 ) = 
{6, 1, 2, 5} and let {uu 2 , vv 3 } — > 3, (vvi,vv 2 , uv) — > (5, 6, 4). 

• Assume that G contains a (2, 6)(„ 2i „ 3 )-path, implying C(v 2 ) = {4, 1,5,6}. 
First, assume that C(vi) = {3,1,2,4}. If G contains no (4, 5)(„ ljt , 2 )-path, let 

(vvi,uv) — > (5,3); otherwise, G contains a (4, 5)(„ 1)V2 )-path. If 5 C(i> 3 ), let 
(vv 3 ,uu 2 ,uv) —7- (5,3,6). If 3 C(i> 3 ), let {ww2, wt> 3 } — > 3 and (vv2,vvi,uv) — > 
(2,6,4). Otherwise, C(i> 3 ) = {6,2,5,3} and let (v v 1, vv 2) v v 3 , uv ) — >■ (6,2,4,3). 

Next, assume that C(vi) = {3, 1,2,6}. If 3 ^ C(v 3 ), then let {ot 3 ,«« 2 } — > 3 and 
(ft>i, w 2 , uv ) — >■ (4,2,6). If 4 C(i> 3 ), then let (f f 2 , ff 3 , Mf ) — > (2,4,6). Otherwise, 
C(t> 3 ) = {6, 2, 3, 4} and let {vv\, vv 3 , uv) — > (5, 1, 3). 

(1.2.2.2) Assume that G contains a (2, 3)( Ul)U2 )-path. 

Then 3 G C(u 3 ) and 1 G C(«i) U C(« 3 ) by (*!. 2 ). If 4 £ C(«i) U C(« 3 ), let 
(uu h uu 2 ,uv) ->■ (4,3,2). Otherwise, 4 G C(ui) U C(w 2 ). If 4 C(u 3 ) and 6 £ 
C(ui) U C(u 3 ), let (uu 3 ,uv) ->• (6,5). Otherwise, 4 G C(u 3 ) or 6 G C(tti) U C(u 3 ). 

• Assume that C(u 3 ) = {5, 2, 3, 1} and C(«i) = {2, 3, 6, 4}. 

If G contains no (4, 2)( U2) „ 2 )-path, let (uu±, uv) — > (1, 2); otherwise, let (uui, uu 2 , uu 3 , 
uv) ->• (5,3,4,2). 

• Assume that C(u 3 ) = {5, 2, 3, 6} and C(u x ) = {2, 3, 1,4}. 

If G contains no (4, 2)( M21 , 2 )-path, let (uui,uu 3 ,uv) — > (5,1,2); otherwise, let 
(uui,uu 2 ,uu 3 ,uv) — > (5,3,4,2). 

• Assume that C{u 3 ) = {5, 2, 3, 4} and {2, 3, 1} C C(ui). 

If 4, 5 ^ C(tii), let (uui,uu 2 ,uv) ->■ (4,3,2). If 5,6 ^ let (uu 3 ,uu 2 ) ->■ 

(6,5). Otherwise, {4,5} n C(ui) ^ and {5,6} n C(ui) ^ 0. Thus, C(«i) = 
{2,3,1,5}. If G contains no (5, 6)( ui) „ 3 )-path, let (uu±,uu 3 ,uv) — >■ (6,1,5); otherwise, 
let (mmi, MM3, uf) — >■ (6, 5, 1, 2). 

Case 1.3 C(« 2 ) = {1,4,2,5}. 

If C(v 2 ) 7^ {1,4,3,6}, then we can reduce to Cases 1.1 or 1.2. Thus, C(v 2 ) = 
{1,4,3,6}. If {1, 3, 6}\C(wi) 7^ and G contains no (5, i)( Ul;U3 )-path for some % G 
{1, 3, 6}\C(ui), then let (uu 1: uv) — > (i,2). Otherwise, assume that: 

(*i.s) 

(a) {1,3,6} C C(ui), or G contains a (5, i)( Ul! „ 3 )-path for any i G {1, 3, 6}\C(ui); 

(b) {1,3,6} C C(u 3 ), or G contains a (2, i)( UljU3 )-path for any i G {1, 3, 6}\C(u 3 ); 
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(c) {1,2,5} C C(v 3 ), or G contains a (3, i)(„ 1; „ 3 )-path for any i G {1, 2, 5}\C(v 3 ); 

(d) {1,2,5} C C(v\) or G contains a (6, ■i)( 1 , li „ 3 )-path for any i G {1, 2, 5}\C(t>i); 

(e) {1, 3, 6} C C(«i) U C(u 3 ) and {1, 2, 5} C C(ui) U C(u 3 ); 

(f) 5 G C( Ul ) if {1, 3, 6}\C( Wl ) ^ 0, 2 G C(u 3 ) if {1, 3, 6}\C(« 3 ) ^ 0, 6 G C(^) if 
{1, 2, 5}\C(u 1 ) ^ 0, and 3 G C(u 3 ) if {1, 2, 5}\C(t; 3 ) ^ 0. 

Case 1.3.1 5 £ C(ui). 

We see that C(ui) = {2, 1,3,6} by (*i.a). Note that G contains a (2, i)( Ul;U3 )-path 
for any % G {3,6}\C(w 3 ). If {1, 3, 6}\C(u 3 ) ^ 0, then let (uu^uv) ->■ (5,2) and 
wu 3 -> /3 G {1, 3, 6}\C(w 3 ). So assume that C(w 3 ) = {5, 1, 3, 6}. 

First assume that G contains no (3, 2)( tt2jVl )-path. If G contains no (3, 5)( U2jU3 )-path, 
let (uui, uu 2 , uv) y (4,3,2); otherwise, let (uui, uu 2 , uu 3 , uv) — > (5,3,4,2). 

Next assume that G contains a (3, 2)( U2) „ 1 )-path and a (6, 2)( U2) „ 3 )-path. If G con- 
tains no (1, 2)( Ul) „ 2 )-path, let vv 2 — > 2; otherwise, let {vv 2 ,uu 3 } — > 2 and uu\ — > 5. 

Case 1.3.2 5 G C(ui). 

Furthermore, we may assume that 2 G C(m 3 ), 3 G C(t> 3 ), and 6 G C(t>i). Since 
{1,3,6} C C{u\) U C(w 3 ) by (*i.s), we suppose that 1 G C{u\) and it suffices to 
consider the following two subcases by symmetry: 

• C(ui) = {2, 5, 1, 3}, 6 G C(« 3 ) and 4 £ C(« 3 ). 

By (*i.a), G contains a (5, 6)( UljU3 )-path. If {1, 2}\C(t> 3 ) ^ 0, let (mti, uu 2 ) — >■ 
(4,6) and m> — >■ 7 G {1, 2}\C(t> 3 ). Otherwise, C(t> 3 ) = {3,6,1,2} and G contains a 
(3, 5)( t , 1)V3 )-path by (*i. 3 ), hence let (uu 2 ,vv 2 ,uv) — > (6,5,4). 

• C7(ui) = {2, 5, 1, 3} and C(« 3 ) = {5, 2, 6, 4}; or C( Ul ) = {2, 5, 1, 4} and C(u 3 ) = 
{5,2,3,6}. 

By (*i.s), G contains a (5, 6)( UliU3 )-path, and moreover G contains a (2, 3)( UljU3 )- 
path when C(ui) = {2,5,1,3}, a (5, 3)( ul)U3 )-path when C(ui) = {2,5,1,4}. If 1 ^ 
C(vi) for some % G {1,3}, then let uu 2 — > c(vvi). Otherwise, 1 G C(vi) nC(v 3 ). Since 
{2, 5} C C(vi) U C(v 3 ) and noting that 1 ^ C(w 3 ), we have to consider the following 
two possibilities: If C(vi) = {3, 6, 1, 2} and C(v 3 ) = {3, 6, 1, 5}, let (vv 2 , vv 3 ) — > (5, 4). 
If C7(ui) = {3, 6, 1, 5} and C(u 3 ) = {3, 6, 1, 2}, let (vv u vv 2 ) ->• (4, 5). 

Case 2 |C(u) nC(i>)| = 3, say (uu\,uu 3 ) c = (2,5) and (i>i>i, i>i> 3 ) c = (3,5). 

If C(u 2 ) = {1, 4, 3, 6} or C(t> 2 ) = {1, 4, 2, 6}, then the proof can be reduced to Case 
I. If G contains neither a (4, 6)( U2; „)-path nor a (5, 6)( U2; „)-path, then let uv — > 6. 
Otherwise, assume that: 

(*2.i) G contains either a (4, 6)( U) „)-path or a (5, 6)( Mjt) )-path. 
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Suppose that we can recolor some edges in G such that \C(u) fl C(v)\ = 2, and no 
new bichromatic cycles are produced in G — uv. Then, by the discussion of Case 1.1, 
if G contains an (i, j)^) -cycle for some i,j G C(u) fl C(v), then we can break this 
(u,v)-cyc\e and hence break the cycle B such that no new bichromatic cycles are 
produced. That is, we have the following statement: 

(^2) If we can recolor some edges in G such that \C(u) fl C(v)\ = 2, and no new 
bichromatic cycles are produced in G — uv, then we are done. 

If 6 (jL C(w 3 ) and G contains no (2, 6)(„ ljtt3 )-path, let uu% — > 6; if 1 (7(ix 3 ) and 
G contains no (1, 2)(„ ljtt3 )-path, let (uu 3 ,uv) — > (1,6). Clearly, \C(u)nC(v)\ = 2 
and no new bichromatic cycles are produced in G — uv. By (-^2), we complete the 
proof. Similarly, if 6 ^ C(u 2 ) and G contains no (2, 6)( ul)U2 )-path, we can let uu 2 — > 6. 
Hence, assume that: 

(♦2.2) 

(a) 6 G C(u 2 ), or G contains a (2, 6)( Ul>U2 )-path; 

(b) 6 G C(v 2 ), or G contains a (3, 6)(„ 1; „ 2 )-path; 

(c) {1,6} C (7(1x3), or G contains a (2, i)( Ul;U3 )-path for each % G {1, 6}\C(w 3 ); 

(d) {1,6} C (7(i> 3 ), or G contains a (3, i)(„ 1; „ 3 )-path for each % G {1, 6}\C(i> 3 ); 

(e) {1, 6} C C(ui) U C(u 3 ) and {1, 6} C C(ui) U C(u 3 ); 

(f) 2 G C(« 3 ) if {1,6}\C(« 3 ) ^ and 3 G C(« 3 ) if {l,6}\C(u 3 ) ^ 0. 

It follows that {2,6} n C(u 2 ) ^ and {3,6} n C(v 2 ) ^ 0. Thus, C(u 2 )\{l,A} G 
{{2, 3}, {2, 5}, {2, 6}, {5, 6}} and C(v 2 )\{l, 4} G {{2, 3}, {3, 5}, {3, 6}, {5, 6}}. 

Case 2.1 C(« 2 )\{1,4} = {2,3}. 

By (*2.i) and (*2.2), G contains a (5, 6)( U) „)-path with 6 G C(u 3 ) fl C(v 3 ), or a 
(2, 6)( ul;U2 )-path with 6 G C(ui) and 1 G (7(ix 3 ), or a (1, 2)(„ ljU3 )-path with 2 G C(w 3 ) 
and 1 G (7(ixi). If 4 ^ C(ui) and G contains no (4, 5)( ul;U3 )-path, let (uui,uu 2 ) — >■ 
(4,6). Otherwise, 4 G C(-ui), or G contains a (4, 5)( Uljtt3 )-path and 5 G (7(ixi), 4 G 
(7(u 3 ). We need to consider the following subcases. 

Case 2.1.1 4 G C(ui) and 1 G C(u 3 ). 

• Assume that C(ui) = {2,6,4,3}. 

If 2 ^ (7(1x3), let (uui,uu 2 ,uu 3 ,uv) — > (1,5,2,6); otherwise, (7(ix 3 ) = {5,6,1,2}, 
let (uui,uu 2 ,uu 3 ) — >■ (5,6,4). 

• Assume that 3 C(tii). 
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If 2 G" C{u 3 ) and G contains no (2, 4)( U2)U3 )-path, let (uu 3 ,uv) —> (2,6) and uu\ — > 
a G {1, 5}\C(«i). By (* 2 .i) and Lemma EJ no new bichromatic cycles are produced. 
Otherwise, 2 G G(u 3 ) or G contains a (2, 4)( n2jU3 )-path and 4 G G(m 3 ). 

(i) Assume that C(u 3 ) = {5, 1,6,4} and G contains a (2, 4)( U2)U3 )-path. 

If G contains no (4, 3)( Ul)U2 )-path, let (uui,uv) — > (3,2); otherwise, let (uu 3 ,uv) — )■ 
(3,2),uui->^G{l,5}\C7(ui). 

(ii) Assume that G(it 3 ) = {5, 6, 1, 2}. 

If G contains no (3, 6)( M3)Vl )-path, let (uu 3 , uv) — »■ (3, 6). So assume that G contains 
a (3, 6)( M3jl)1 )-path. It follows that 6 G C(v 2 ) by (* 2 . 2 ) and the fact that 2 G" G(v 2 ). 
If C(mi) = {2,6,4,1}, let (uui,uu 2 ,uu 3 ,uv) — >• (5,6,4,2). Otherwise, we derive 
that C(wi) = {2,6,4,5}. If G contains no (2, 3)( U3iVl )-path, then let (uui,uu 3 ,uv) — > 
(1, 3, 2). Thus, assume that G contains a (2, 3)(„ 3) „ 1 )-path and 2 G C(vi). If G contains 
no (2, 5)(^ 2ji;3 )-path, then let vv 2 — > 2; otherwise, G contains a (2, 5)(„ 2)V3 )-patli, which 
implies that C(v 2 ) = {4, 1, 6, 5} and 2 G C(v&). If 1, 5 £ G^), let (vv u uv) -> (1, 3). 
Otherwise, {1, 5} n ^ and then 4 £ G(ui) since {2, 6} C C{vi). If 4 £ C(u 3 ), 

then let (W3, w 2 ) — >■ (4,2); otherwise, let (wi,w 2 , W3) — > (4,2,3). 

Case 2.1.2 4 £ G(u x ) or 1 £ G(w 3 ). 

If 4 G(wi) and 1 G G(tt 3 ), then G(m 3 ) = {5, 6, 1, 4}, let (uui, uu 2 , uu 3 ) -> (4, 6, 2). 
If 4 G G(«i) and 1 ^ G(w 3 ), then C{ui) = {2,6,1,4}, let (uui,uu 3 ,uv) -> (5,1,6). 
Otherwise, assume that 4 G" G(«i) and 1 G" G(w 3 ). Then G(tti) = {2,6,1,5} and 
G(w 3 ) = {5,6,2,4}. If G contains no (3, 6)( ttl)Wl )-path, let (uui,uu 3 ,uv) — > (3,1,6). 
Otherwise, it follows that 6 G G(u 2 ) by (* 2 . 2 ) and 2 g' G(u 2 ). Let (mil, 14143, uv) — > 
(3,1,2). 

Case 2.2 G(w 2 )\{l,4} = {2,5}. 

IfG(v 2 )\{l,4} = {2, 3}, then the proof is reduced to Case 2.1. Thus, G(w 2 )\{l, 4} ^ 
{2,3} and 2 G" G(t> 2 ). By (* 2 .i) and (* 2 . 2 ), G contains a (5, 6)( U3j „ 3 )-path with 
6 G G(it 3 ) fl C(v 3 ), or G contains a (2, 6)( uiilt2 )-path with 6 G G(ui) and 1 G C(u 3 ), 
or a (1, 2)( Ul)U3 )-path with 1 G G(«i) and 2 G G(u 3 ). If 4 G" G(«i) and G contains no 
(4, 5)( Ul! u 3 )-path, then let (uui,uu 2 ) — » (4,6). Otherwise, 4 G G(ui), or G contains 
no (4, 5)( Ul)U3 )-path and 5 G C(ux), 4 G G(w 3 ). We need to consider the following two 
subcases. 

Case 2.2.1 4 G C{u x ) and 1 G C(u 3 ). 
• Assume that C(ui) = {2, 6, 4, 1}. 

If 2 G" C(u 3 ), let (mil, wi>) — > (3, 2). Otherwise, C(u 3 ) = {5, 6, 1, 2}, let (uui, uu 2 , uu 3 , 
-►(3,6,4,2). 



11 



• Assume that 1 £ C(ui). 

If 2,4 C(« 3 ), let (uui, mm 3 , uv) ->■ (1, 2, 6). Otherwise, {2, 4} n C(« 3 ) ^ 0. 

(i) Assume that C(u 3 ) = {5, 1,6,4}. 

If 5 £ C(ui), let («U!,uu) ->■ (1,2). Otherwise, C(ui) = {2,6,4,5}, we let 
(utii, m>) — > (3, 2). 

(ii) Assume that C(u 3 ) = {5, 6, 1, 2}. 

If 3 £ C(ui), let (uuj, «h 2 ) ->■ (3, 6). Otherwise, C(ui) = {2, 6, 4, 3}. 

If G contains no (2, 5)( tt3)t , 3 )-path, let (uui, uv) — > (1, 2). So assume that G contains 
a (2, 5)( U3jt , 3 )-path and 2 G C(i> 3 ). If G contains no (2, 3)(„ ljV2 )-path, let vv 2 — >■ 2. 
Thus, assume that G contains a (2, 3)(„ 1)V2 )-path and 2 G C(v±), 3 G C(i> 2 ). Note that 
1 G C(i> 3 ) or G contains a (1, 3)(„ 1; „ 3 )-path, and {1, 3} fl C(t> 3 ) ^ by (* 2 .2) and then 
4 £ C(u 3 ). If 4 C(ui), then let (oti, w 2 ) ->■ (4,2). Otherwise, 4 G C(ui). 

Assume that 1 G" C(u 3 ) and then C(u 3 ) = {5, 6, 2, 3}, C{v x ) = {3, 2, 4, 1} by (* 2 . 2 ). 
If 6 C(t> 2 ), let «t;2 — > 6; otherwise, C(t> 2 ) = {4, 1, 3, 6}, let {vv\, vv 3 , uv) — > (5, 1, 6). 
Next, assume that C(i> 3 ) = {5,6,2,1}. If 1 C(t>i), let (wi,dd 3 ,to) — > (1,3,6); 
otherwise, C(t>i) = {3,2,4,1}. If 6 ^ C(v 2 ), then let t>t> 2 — > 6; otherwise, C(t> 2 ) = 
{4, 1, 3, 6}, let (vvi,vv 3 , uv) — > (5, 3, 6). 

Case 2.2.2 4 £ C( Ul ) or 1 £ C(u 3 ). 

If 4 ^G(Mi)andl G C(u 3 ), then C(u 3 ) = {5, 6, 1, 4}, let (uui, uu 2 , uu 3 ) ->■ (4,6,2). 
If 4 £ C(«i) and 1 £ C(« 3 ), then C(«i) = {2,6,1,5}, C(u 3 ) = {5,6,2,4}, and let 
(uui,uu 3 ,uv) — > (3,1,2). Otherwise, assume that 4 G C(ui) and 1 ^ C(-u 3 ). Then 
C(u\) = {2,6,1,4}. If G contains no (1, 3)( uljU3 )-path, then let (uui,uu 3 ,uv) — >■ 
(3,1,2); otherwise, let (uui,uu 2 ,uu 3 ,uv) — >■ (5,3,1,6). 

Case 2.3 C(u 2 )\{l,4} = {2,6}. 

If C(u 2 )\{l,4} G {{2, 3}, {3, 5}}, then we reduce the proof to Cases 2.1 or 2.2. 
Thus, C(u 2 )\{l,4}e{{3,6},{5,6}}. 

Case 2.3.1 G contains no (2, 3)(„ ljtl2 )-path. 

First let uu 2 — > 3. If G contains no (1, 3)( U2i „ 2 )-path, then we are done. Otherwise, 
G contains a (1, 3)( tt2j „ 2 )-path and \C(u) fl C(v )\ = 2. 

If C(ui)\{l,3} £ {{4, 6}, {5, 6}}, then by Case 1, Case 2.1 or Case 2.2, we can 
break this (1, 3)( ttj „)-cycle and hence break the cycle B and no new bichromatic cycles 
are produced. Thus, C(ui)\{l,3} G {{4, 6}, {5, 6}}. 

Note that G contains a (3, i)(„ 1; „ 3 )-path for any % G {1, 6}\C(t> 3 ) by (* 2 .2)- This 
implies that 1 G C(v 3 ). If 6 £ C(y 3 ), let uv ->■ 6. Hence, {1,6} C C(v 3 ). 
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• Assume that C(v 2 ) = {4,1,6,3}. (If C(vi) = {3,1,6,4}, we have a similar 
discussion.) 

If 4 £ C(v 3 ), let (vv 2 ,uv) -> (2,4). Otherwise, C(v 3 ) = {5,1,6,4}, we let 
(vvi,uu 2 ,uv) — > (2,4,3). 

• Assume that C(v 2 ) = {4, 1, 6, 5} and C(v x ) = {3, 1, 6, 5}. 

If 3,4 £ C(v 3 ), let (uui,w 2 ) = (4,3). Otherwise, {3,4}nC(v 3 ) ^ 0. If C(u 3 ) = 
{5,1,6,3}, let (ff 2 ,Mf) = (2,4); otherwise, C(v 3 ) = {5,1,6,4}, let (uu 2 , vv±, uv) = 
(4,2,3). 

Case 2.3.2 G contains a (2, 3)( uljU2 )-path and 3 G C(ui). 

(2.3.2.1) C(v 2 ) = {4,1,5,6}. 

• Assume that G contains no (2, 5)( Wj „ 3 )-path. Let vv 2 — > 2. If G contains no 

(1. 2) ( U) „)-path, then we are done; otherwise, G contains a (1, 2)( Ujl ,)-path, we can 
break this (1, 2)( Uj „)-cycle by Case 1 or Case 2.1 as 3 G C(ui). 

• Assume that G contains a (2, 5)(„ 2) „ 3 )-path. If 2 G" C(vi) and G contains no 
(5, 3)( U3j „ 3 )-path, then let (vvi,uv) — > (2,3). So assume that 2 G C(vi) or G contains 
a (5, 3)( U3j „ 3 )-path. If 2 ^ C(vi) and G contains a (5, 3)( U3j „ 3 )-path, let {vvi,vv 2 ) —t 

(2.3) . If 4 ^ C(f 3 ) and G contains no (3, 4)(„ 1) „ 3 )-path, let (vv 3) vv 2 ) —¥ (4,2). If 
G contains no (1, 2)( UjU )-path, we are done; otherwise, G contains a (1, 2)( Uj „)-path, 
we can break this (1, 2)( Uj „)-cycle by Cases 1 or 2.1 as 3 G C(u\). Otherwise, 2 G 
C(vi), and 4 G C(v 3 ) or G contains a (3, 4)(„ 1) „ 3 )-path. Together with (*2.2), we have 

3 G C(v 3 ), {l,6}\C(u 3 ) ^ 0, and then 5 £ C( Vl ) since {1,6,4} C C(^) U C(v 3 ). 
Let (toi,to 2 ) ->■ (5,3), vv 3 — )■ /3 G {1, 6}\C(i>i), and m; ->■ {l,6}\/3. By (* 2 ), we 
complete the proof. 

(2.3.2.2) C(v 2 ) = {4,1,3,6}. 

Similarly, we can assume that G contains a (2, 3)(„ ljU2 )-path and 2 G C(vi). 

First, assume that 2 ^ C(-u 3 ), and hence {1,6} C C(u 3 ) by (*2.2)- If 4 ^ 
C(wi)UC(u 3 ), let (uu ± ,uu 2 ,uv) ->■ (4,3,2); otherwise, 4 G C(ui)UC(u 3 ). If 1 £ C(«i) 
and G contains no (2, 4)( U2jU3 )-path, then let (uui, uu 3 , uv) — > (1,2,6) and we are 
done by (^2); otherwise, 1 G C(u±) or G contains a (2, 4V U2)U3 )-path. Assume that 
C(u 3 ) = {5, 1, 6, 3} and then {1, 4} C C(u±) since G contains no (2, 4)( U2iU3 )-path and 

4 G C(ui)UC(u 3 ). Then, let (uui,uu 2 ,uu 3 ,uv) — > (5,3,4,2). Otherwise, assume that 
C{u 3 ) = {5, 1, 6, 4}. If 5 ^ C(ui), let {uui, uu 3 , uv) — > (5, 3, 2); otherwise, 5 G C{ui). 
Assume that 1 G" C(ui). If G contains no (1, 5)( uljU3 )-path, let (uu\,uv) — > (1,2); oth- 
erwise, G contains a (1, 5)( UljU3 )-path, let (uu±,uu 2 ,uu 3 ,uv) — > (1,5,2,6) and we are 
done by (^2)- Otherwise, C{u\) = {2, 3, 5, 1}. If G contains no (5, 6)( Ul)U3 )-path, then 
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let (uui,uv) — > (6,2); otherwise, G contains a (5, 6)( Ulin3 )-path, let (uui,uu 2 ,uu 3 ) — > 
(6, 5, 2) and we are done by (* 2 ). 

Next, assume that 2 G C(u 3 ) and 3 G C(v 3 ). Assume that 4 ^ C(w 3 ). If 5 ^ C(u ± ), 
let (uui,uu 2 ,uu 3 ,uv) — > (5,3,4,2). So assume that 5 G C(-Ui). 

Assume that 4 ^ C(-Ui). Note that G contains a (4, 6)( n2il , 2 )-path and a (3, i)( vi ,v 3 )- 
path for any % G {l,6}\C(v 3 ) by (* 2 .i) and (* 2 . 2 ). If {l,6}\C(v 3 ) ^ 0, then let 
(uu 1 ,uu 2 ) — >■ (4,3) and 4 a £ {1, 6}\C(t> 3 ). Otherwise, C(i> 3 ) = {5,3,1,6}, let 
(utii, wu 2 , wt>) — >■ (4,3,2). 

It remains to consider the case C(ui) = {2,3,5,4} and C(u 3 ) = {5,2,6,1} since 
{1,6} C C(mi)UC(m 3 ) by (* 2 . 2 ). If 2 C(v 3 ), let (vv 3 ,uu 3 ,uv) -> (2,3,5). So assume 
that 2 G C(u 3 ). If 1,6 C{v 3 ), then C(ui) = {3,2,1,6}, let (vv 1 ,vv 2 ) -> (4,2). 
Otherwise, {1,6} n C(v 3 ) ^ and 4 G' C(v 3 ). If 4 £ C(ui), let (yv u w 2 ) ->■ (4,2); 
otherwise, 4 G C(t>i) and 5 G'C(fi), let (t> t> 1, t>t> 2 , vv 3 , uv ) — >■ (5,2,4,3). 

Hence, 4 G C(u 3 ) n C{v 3 ). If 3 C(u 3 ) and 2 ^ C(v 3 ), let (uu 3 , vv 3 , uv) ->■ 
(3,2,5). Otherwise, 3 G C(w 3 ) or 2 G C(t> 3 ) and assume that C(w 3 ) = {5,2,4,3} and 
C(ui) = {3, 2, 1, 6} by (* 2 . 2 ). Let (uui, uu 3 , uv) — > (5, 1, 2). 

Case 2.4 C(« 2 )\{1,4} = {5,6}. 

IfC(u 2 )\{l,4} ^ {5, 6}, then we reduce the proof to Cases 2.1-2.3. Thus, C(u 2 )\{l,4} 
= {5,6}. 

Case 2.4.1 G contains no (5, 3)( U2)U3 )-path. 

First, let uu 2 — > 3. If G contains no (1, 3)( U2i „ 2 )-path, we are done. Otherwise, G 
contains a (1, 3)( U2j „ 2 )-path and 1 G C(v 3 ) by (* 2 . 2 ). If C(vi)\{l, 3} 7^ {5,6}, then by 
Cases 1, 2.1-2.3, we can break this (1, 3)( tt)V )-cycle and hence break the cycle B so that 
no new bichromatic cycles are produced. Thus, assume that C(t>i)\{l, 3} = {5,6}. 
Note that G contains a (4, 6)( U2) „ 2 )-path and a (3, 6)(„ ljt , 3 )-path by (* 2 .i) and (* 2 . 2 ). If 
6 C(v 3 ), let uv ->■ 6. Otherwise, 6 G C{v 3 ). If 3,4 £ C(u 3 ), let (cti,ot 2 ) = (4,3); 
otherwise, {3,4} n C(v 3 ) ^ 0. If C{v 3 ) = {5, 1,6,3}, let (vv 2 ,uv) = (2,4); otherwise, 
C(t> 3 ) = {5,1,6,4}, assuming that (uu 2 ,vvi,uv) = (4,2,3), C(v 3 ) = {5,1,6,3}, let 
(vv 2 ,uv) -> (2,4). 

Case 2.4.2 G contains a (3, 5)( M2jU3 )-path and (2, 5) („ 2 >V3 ) -path. 

If 2 £ C(ui), let (cti,™) ->■ (2,3); otherwise, 2 G C(ui). Note that {1,6} C C(u 3 ) 
or G contains a (3, iW^-path for any i G {l,6}\C(i> 3 ) by (* 2 . 2 ). 

Assume that 3 £ C(u 3 ) and then C(u 3 ) = {5,2,1,6} by (* 2 . 2 ). If 4 £ C(ui), let 
(i>i>i, i>i> 2 ) — >■ (4,3). If 1 G^ C(fi), let (vvi,vv 3 ,uv) — > (1,3,6) and we are done by 
(* 2 ). Otherwise, C(ui) = {3,2,4,1} and let (vv!,vv 2 ) ->■ (6,3). 
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Assume that 3 G C(v 3 ) and {l,6}\C(v 3 ) ^ 0. If 5 £ let (oti,ot 2 ) -> 

(5,3), vv 3 fix & {l,6}\C(v 3 ), uv -»■ {1, 6}\/9i. Otherwise, 5 G C(«i). Since 
{1, 6} C C(vi) U C(u 3 ) by (* 2 . 2 ), we have 4 £ G(^) U C(v 3 ). Let (uuj, w 2 ) -> (4, 3), 
w 3 ->• /3 2 G {1, 6}\C(« 3 ), w {1, 6}\/3 2 . 

Case 3 |C(tt)nC(u)| =4, say (mmi, mm 3 ) c = (2,5) and (vvi,vv 3 ) c — (2,5). 

If C(ua)\ {1,4} ^ {2,5} or G(u 2 )\{l,4} ^ {2,5}, then \C{u 2 )nC{u)\ < 3 or 
|G(u 2 ) nC(v)\ < 3 and we reduce the proof to Cases 1 or 2. Thus, C(u 2 ) = G(u 2 ) = 
{1,2,4,5}. If G contains neither a (2, j)( M1) )-path nor a (5, j)( W)l( )-path for some j G 
{3,6}, then let uv — >• j. Otherwise, for any j G {3,6}, G contains an (i, j)( Ujt) )-path 
for some i G {2,5}, and G contains a (2, 3)( Ui „)-path, 3 G C(ui). If G contains 
no (3, 5)( U2i „ 3 )-path, let t>t> 2 — > 3. Otherwise, G contains a (3, 5)(„ 2j „ 3 )-path and a 
(3, 5)( M2jU3 )-path similarly. It follows that 3 G C{u 3 ) and 6 G C(ui) D C(u 3 ) similarly. 
If 1 ^ C(tti) and G contains no (1, 5)( Uljtt3 )-path, then let (uui,uv) — >■ (1,3). Hence, 
1 G G(wi) or G contains a (1, 5)( Uljlt3 )-path. It follows that {1,5} fl C(ui) ^ 0, 
4 £ G(ui), and if 1 £ C(ui), then 1 G G(u 3 ). If 4 ^ G(u 3 ), let (uu 2 ,uu 3 ) ->■ (3,4). 
Otherwise, G(m 3 ) = {5, 3, 6, 4} and G(iti) = {2, 3, 6, 1}. Let (uui, uu 3 , uv) — > (5, 1, 3). 
□ 

Lemma 3 ([40 If G is a graph with A = 4 that is not 4-regular, then a'(G) < 6. 
Theorem 2 If G is a 4-regular graph, then a'(G) < 6. 

Proof. The proof is proceeded by induction on the vertex number of G. If | V(G) \ = 5, 
then G is the complete graph K^, and it is easy to show that a'(G) < 6. Let G be a 
4-regular graph with |V(G)| > 6. Obviously we may assume that G is 2-connected by 
Lemma [3j If G contains no 3-cycles, then a'(G) < 6 by Theorem [TJ So assume that G 
contains at least one 3-cycle. For any graph H with A (if) = 4 and |V(ff)| < |V(£r)|, 
by induction hypothesis or Lemma [31 if admits an acyclic edge-6-coloring c using the 
color set G = {1, 2, . . . , 6}. Let v G V{G) be a vertex with neighbors v , v i, v 2 , v 3 that 
lies in at least one 3-cycle. To extend c to the original graph G, we split the proof 
into the following cases. 

Case 1 v iv 2 , v 2 v 3 , v 3 Vo, VqVi G E(G), as shown in Fig. 3. 

For i G {0,1,2,3}, let v\ be the neighbor of Vi different from v,Vi-i,Vi + i, where 
the indices are taken modulo 4. Since |V(G)| > 6, G ^ K 5 . We only need to consider 
the following subcases by symmetry: 

Case 1.1 viv 3 G E(G) and v 2 v E(G). 
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Case 1.1 Case 1.2 

Fig. 3: The configuration in Case 1. 



Since G is 2-connected, v' ^ v 2 . Let H = G — {v,Vi,v 2 ,v 3 ,v } + {u,uv' 2 ,uv' }. 
Without loss of generality, assume that c(uv' 2 ) = 1 and c(uv' ) = 2. To extend c 
to the graph G, we let {v 1 v 3 ,v 2 v 2 ,vv } -)■ 1, {vv 3 ,v v' } -)■ 2, {viv ,v 2 v 3 } ->■ 5, 
{^0,^2} -> 6, and (wi,^) ->■ (3,4). 

Case 1.2 u^^Uo ^ -E'(G'). 

If v' , v[,v' 2 , v' 3 are identical into a vertex, then | V(G r ) | = 6 and it is easy to give an 
acyclic edge-6-coloring of G. 

If v[,v' 2 ,v 3 are identical to a vertex, say v 5 , and v' Q ^ t> 5 , then let H = G — 
{v, V\, v 2 , v 3 , vo} + {u,uv' ,uv 5 } with (uv 5 ,uv' ) c = (1,4), 2,3 ^ C(v 5 ), where u is a 
new vertex added in the graph. 

If v[,v' 2 are are identical to a vertex w 5 and v' Q ,v' 3 are are identical into a vertex 
t> 6 , we let H = G — {v, v%, v 2 , v 3 , v } + {u, uv 5 , uv e }. Assume that (uv 5 , uvq) c = (1, 4), 
2 G C\(C(v 5 ) U {1, 4}), and 3 G C\(C(v 6 ) U {1, 4, 2}). 

If v[, v' 2 are are identical to a vertex t> 5 , and t> 3 , t> 7^ v 5, let = G— {t>, f 1, f 2, t>3, fo}+ 
{u, uv 5 , uv' 3 , uv'q} and assume that (uv 5 , uv' 3 , uv' ) c = (1, 3,4), 2 G C\(C(v 5 ) U {3, 4}). 

If v[ = v' 3 = v 5 and v' 2 = v' Q = v G , let H = G — {v, v±, v 2 , v 3 , v } + {u, uv 5 , uv 6 } and 
assume that (uv 5 ,uv 6 ) c = (1,2), 3 G C\(C(v 5 ) U{1, 2}), and 4 G C\(C(v 6 )U{l, 2, 3}). 

If v[ = v' 3 = v 5 and v ' 2 ^ v' v 5 , let H = G — {v, vi,v 2 , v 3 , v } + {u, 111)5, uv' 2 , uv' Q } 
and assume that (uv 5 ,uv' 2 ,uv' Q ) c = (1,2,4), 3 G C\(C(v 5 ) U {1,2}). 

If v' , v[,v' 2 , v' 3 are all distinct, let H = G — {v, v±,v 2 , v 3 , vo} + {u, uv[, uv' 2 , uv' 3 , uv'q} 
and assume that (uv[, uv' 2 , uv' 3 , uv' ) c = (1, 2, 3, 4). 

For all cases above, we first let Viv[ — > i for i = 1,2,3 and Vqv' q — > 4. Then let 
{vv^vxVq} 5, {vvq,v 2 v 3 } -» 6, and (^0,^3,^2,^1) ->■ (1,2,3,4). 

Case 2 v$vi, v\v 2 , v 2 v 3 G E{G) and v 3 vq ^ E(G), as shown in Fig. 4. 
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Case 2.1 



Case 2.2 



Fig. 4: The configuration in Case 2. 

Let v 2 be the neighbor of v 2 different from v,Vi,v 3 . If Viv 3 ,v 2 v G E{G), then 
V\Vq, v o v 2i V2V3, v 3 Vi G E{G) and the proof is reduced to Case 1. Without loss of 
generality, assume that v 2 v G" E(G). 

Case 2.1 7^3 G 

Let v 3 be the neighbor of v 3 different from v,v±,v 2 . 

If v' 2 ,v' 3 are identical to a vertex, say v$, then let H — G — {v, v\, V2, v 3 } + 
{u,uv 5 ,uv } and assume that (uv 5 ,uv ) c = (1,2), 5 G C\(C(v 5 ) U {1,2}), and 
6GC\(CH)U{1,2,5}). 

If v' 3 7^ v' 2 , let if = G—{v, vi, t>2, f 3}+{m, Mf 0, uv' 2 , uv' 3 } and assume that (uvo, uv' 2 , uv 3 ) c 
= (2, 5, 1) and 6 G C\(C(v ) U {1, 2, 5}). 

For two cases above, we further let {viv 2 , v 3 v' 3 } — > 1, {^2^3, ^1^0} — ^ 2, {f 2^5, ^3} — >■ 
5, {vv ,viv 3 } ->■ 6, and (to 2) CTi) ->■ (3,4). 

Case 2.2 ^ 3 G' £(G). 

Let f 5 be the neighbor of v\ different from v,v ,v 2 . We consider two subcases as 
follows: 

Case 2.2.1 v 2 = v 5 . 

By Case 1, v 5 v 3 , v 5 v G" E(G). Let H = G — {v,Vi,v 2 } + {v 5 v 3 , v 5 v } and assume 
that (i>5i>3, v 5 v ) c = (2,1). Then, first, let {viv 5 ,vv } — > 1, {^2^5,^3} — >■ 2. Next, if 
{3,4,5,6}\(C(w 3 ) U C(u )) ^ and assume that 3 £ C(u 3 ) U C(u ), 4 C(v ), then 
let {^1^0, ^2^3} — > 3 and (t> it> 2 , vv 1, t> 1*2) — > (4,5,6). Otherwise, C(v ) = {3,4} and 
C(v 3 ) = {5,6}. Then, let {viv ,vv 2 } — > 6 and (i>ii>2, v 2 v 3 , vvi) — > (3,4,5). Since H 
has no bichromatic cycles, it is obvious that H has no (1, 2)( VOjt , 3 )-path and thus G 
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contains no (1, 2)(„ 0)V )-cycle. (See Fig. 5. We neglect to explain why such bichromatic 
cycles cannot exist in the following similar cases.) 




Case 2.2.2 v' 2 ^ v 5 . 

Let H = G—{v, Vi, V2}+{u, uv$, uv 2 , uv^, uvq, v 3 vo} and assume that (uvq, uv 3 , v 3 v q) c 
= (1,2,3). Then, first let (fit's, v 2 v 2 ) — > (c(uv§) , c{uv 2 )) ■ 

• Assume that (uv5,uv 2 ) = (3,4). 

If {5, 6}\C(t> 3 ) 7^ and 5 G" C(t> 3 ), then let {viv ,vv 2 } — > 1, {vvi,v 2 v 3 } — > 2, and 
{y f , vv 3 , v iv 2 ) — > (3,5,6). Otherwise, C{y 3 ) = {5,6}. Then, first let {vv , Viv 2 } —> 1, 
(vvs, V2V3) —7- (2,3). And next, if 4 G" C(t>o), then let {v it>o, vv 1, v v 2 ) — >■ (4,5,6). 
Otherwise, 4 G C(vq) and assume that 5 G" C(vq), then let (v v 1, v iVq, v V2) —> (4,5,6). 

• Assume that (11V5, uv 2 ) = (4,5). 

If 4 G" C(fo), then let {vv ,viv 2 } — >■ 1, {^1^0,^3} — > 3, and (^3,^21^1) - ► 
(2, 4, 6). Since H has no bichromatic cycles and c^VqVs) = 3, it is obvious that H has 
no (3, z)(„ 0j „ 3 )-path for any i G C\{3} and thus G contains no (3, 6)( l , 0jl , 1 )-cycle. (See 
(a), (b) in Fig. 6.) 

If 4 G C(v ), then let {vvi,v 2 v 3 } -> 2, (viv ,vv ) -> (1,3). If 4 ^ C(u 3 ), then let 
(ft>2, W3, V1V2) —> (1,4,6). Otherwise, 4 G C(t>3) and 5 G C(v 3 ) DC(vo) similarly. 
It follows that C(vs) = C{vq) = {4,5}. Then, let (ff 3 , V1V2, W2) — > (1,3,6). Since 
c{voVs) = 3 in H, it is obvious that 3 G" C{y 3 ) and thus G contains no (3, 2)( t , 0)t) )-cycle. 
(See (a), (c) in Fig. 6.) 

Case 3 ViV 2 ,v 2 v s G E(G) and Viv ,v 3 v G" E(G), as shown in Fig. 7. 

If viv 3 ,V2Vo G E(G), then t it> 3 , V3V2, V2V0 G -E(G) and the proof can be reduced to 
Case 2. Otherwise, V1V3 G" E{G) or t> 2 f ^ E(G). 

Case 3.1 ^3 G E(G) and u 2 u £ 
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u 




Case 3.1 Case 3.2 Case 3.3 

Fig. 7: The configuration in Case 3. 

Let t>5 be the neighbor of V\ different from v,v 2 ,v 3 . Let v$ be the neighbor of v 2 
different from v,v±,v 3 . Let v 7 be the neighbor of v 3 different from v, V\, v 2 . By Cases 
1 and 2, we can assume that v , v$, v e , v-j are pairwise distinct. 

Let H = G—{v, Vi, v 2 , v 3 }+{u, uv Q , uv 5 , uv 6 , uv 7 } and assume that {uv 5 , uv G , uv 7 , uv ) c 
= (1,2,3,4). Then, let {v 1 v 5 ,v 2 v 3 } ->■ 1, {vv 3 ,v 2 v s } -> 2, {oti,^} -> 3, {^2,^1^3} 

5, and (^0,^2) — >• (4,6). 

Case 3.2 ^3 g" E(G) and w 2 w G 

Let H = G — {v,v 2 } + {viVq, v v 3 , v 3 v 1} and assume that (v iv , v v 3 , v 3 Vi) c = 
(1,2,3), 4 G C\(C7(«i) U {1,2,3}). Then, first let {w 3 ,viv 2 } -»■ 3, (w ,Pi) 
(1,4). Next, if {5,6}\C(w 3 ) ^ and 5 g" C(u 3 ), then let (^o.w,^) -> (2,5,6); 
otherwise, C(v 3 ) = {5,6} and let v 2 v 3 —> 1. If {5, 6}\C(t>o) 7^ 0, then let t^o ~~ ^ 2 
and vv 2 — >■ /? G {5, 6}\C(uo); otherwise, C(fo) = {5,6} and let (vv 2 ,V2Vo) _ > (2,4). 

Case 3.3 v lV3 £ E(G) and v 2 v £ E(G). 

Let t>5 be the neighbor of v 2 different from v,V\,v 3 . Let Vq,v 7 be the other two 
neighbors of V\ different from v, v 2 . Note that v , v 5 , v e , v 7 are pairwise distinct by the 
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previous argument. Let H = G — {v,v 2 } + {fi^o, fit's} and assume that (fit's, v\Vq, 
viVq, viv 7 ) c = (1,2,3,4). Then, first let {v^v^vvq) — > (1,2). 

Case 3.3.1 C(v 3 ) = {1,2}. 

Assume that 6 C^s). Then, first let (v iv 2 , vv 2 , v 2 v 3 ) — > (2,4,6). Next, if 
5 C'(fo), then let (oti,?)^) — > (1,5); if 3 ^ C(fo), then let (mi,^) — >■ (5,3); 
otherwise, C(t>o) = {2,5,3,4} and let (vvi,vv 3 ,vvo) — >■ (1,5,6). 

Assume that {5,6} C C(u 5 ) and {5,6} C C(u ) similarly. If 3,4 £ C(u ) U 
C(f 5 ), then let {oti,^} — > 5 and (v±v 2 , v 2 v$, vv 3 , vv 2 ) — > (1,3,4,6); otherwise, 
C(v ) = {2,5,6,4}. Then, let (vvi,vv 2 ,vv ,vv 3 ,viv 2 ) — > (1,2,3,5,6) and v 2 v 3 — >■ 7 e 
{3,4}\C> 5 ). 

Case 3.3.2 C(u 3 ) = {1,3}. 

If 6 ^ C(t>5), then let {ff 1,^2^3} — >■ 6 and (i>ii>2, f v 3 , vv 2 ) — > (2,4,5). If G contains 
no (1, 4)(„ 3j „ 5 )-path, then let (vvi, vv 2 , v 2 v 3 , vv 3 , V\V 2 ) — > (1,3,4,5,6). Otherwise, G 
contains a (1, 4)(„ 3j „ 5 )-path and hence C(v 5 ) = {1, 5, 6, 4}. We let (vv±, v 2 v 3 , vv 3 , v±v 2 , vv 2 ) 
-+ (1,2,4,5,6). 

Case 3.3.3 C(v 3 ) = {1,5}. 

Let vv 1 — > 6. If 6 ^ C(v 5 ), we further let (v 1 v 2 ,vv 3 ,vv 2 , v 2 v 3 ) — > (2,3,5,6); If 
3 C(v 5 ), let (^if2, ^2^3, vv 3: vv 2 ) — >■ (2,3,4,5). Otherwise, C(i> 5 ) = {1,6,3,4}, let 
(t 2 f3, w 3 , ot 2 , ^2) -> (2,3,4,5). 

Case 3.3.4 C(v 3 ) £ {{1, 2}, {1, 3}, {1, 5}}. 

If C(v 3 ) = {5, 6}, let (wi, u 2 u 3 , w 3 , u«2, U1U2) ~> (1, 2, 3, 4, 5). If C(u 3 ) = {3, 5}, let 
{vvi,v 2 v 3 } -> 6 and (w 3 , w 2 , ^2) -> (1,4,5). If C(-u 3 ) = {3,4}, let {^1,^3} ->■ 5 
and (vv s ,viv 2 ,vv 2 ) ->■ (1,2,6). 

Case 4 ^1^2, ^3^0 e -K(C) and v vi, v 2 v 3 , v±v 3 , v 2 v g E(G). 

Let Vi = {vn,v i2 } be the set of the other neighbors of t>; for i e {0,1,2,3}. By 
Cases 1 to 3, Vi n V 2 = and V 3 n V = 0. Let H = G - {v,v 1 ,v 2 ,v 3 ,v } + 
{u, w, uv 11, uv\ 2 , uv 2 \, uv 22 , wv 3 i, wv 32 , wvoi, wvo 2 }, where u and w are new vertices 
added. Assume that (uvu, uv± 2 , uv 2 ±, uv 22 ) c = (1, 2, 3, 4), {c(wv 01), c{wv 02)} = 
{a, 6}, {c(wjf 3 i), c(wf 32 )} = {c, d}, where {a, 6} n {c, d} = 0, see Fig. 8. Then, first 
let ViVij — > c(uvij) for i e {1,2}, and Wjj — >■ c(wvij) for i e {3,4}, j e {1,2}. Next, 
by symmetry, we need to consider the following. 

Case 4.1 {a, b} = {1,3} and {c, d} = {2,4}. 
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Case 4 



H 



Fig. 8: The configuration in Case 4. 

If 5 C(vn), let {v±v 2 , vv } — >■ 5 and (m 2 , f ^3, iw 1, ^3^0) ~ ^ (1)3,4,6). If 4 G" 
C(v n), let {f it>2, vvq) — )> 5 and (f t>3, f t>2, ff 1, f3fo) — >■ (1,2,4,6). Otherwise, C(vu) = 
{1,4,5,6} and C(v 12 ) = {2,3,5,6}. Let {viv 2 ,vv 3 } — > 1, {ff 1,^3^0} — > 5, and 
(w 2 ,vivii, ^o) ->■ (2,3,6). 

Case 4.2 {a, b} = {1,2} and {c, d} = {3,4}. 

If C7 contains no (i, j)(t, 2i „ )-path for some i G {1,2} and j G {3,4}, then let 
{viV2,vvz} — >■ 5, {ffi,f3fo} — >■ 6, and (w2,wo) — >■ Otherwise, G contains a 

(^i)(^ 2 ,fo)-P atn for an y * G I 1 ' 2 ) and 3 e I 3 ' 4 } and I 1 ' 2 ) ^ c(^2i) n c(v 22 ). it 

follows that {5, 6}\C(v 2 i) 7^ and assume that 5 C(f 2 i). First, let (ct 2) ^3^0} ~ ^ 5, 
{viv 2 , W3} — >• 6, and (to ,oti) — >■ (3,4). Next, if 6 ^ C(v 22 ), then we are done; 
otherwise, C(v 22 ) = {4, 1,2,6} and let {vvi,v 2 v 22 } — > 5, vv 2 — > 4. 

Case 4.3 All other cases. 

If {a, 6} = {1,2} and {c, d} = {5,6}, let {i>i>i, i>3i>o} — > 3 and (vv 2 , W3, v±v 2 , 
wq) — > (1, 4, 5, 6). If {a, b} = {1,3} and {c,d} = {5,6}, let (vv 2 , wo, W3, 
V3V ,ViV 2 ,Wi) — > (1,2,3,4,5,6). If {a, b} = {1,5} and {c, d} = {2,6}, let (vv 2 , 
wo, V3V0, W3,viv 2 ,vvi) — > (1,2,3,4,5,6). If {a, b} = {1,5} and {c, d} = {3,6}, let 
{viv 2 , W3} — > 5 and (v v 2 , wo, V3V0, vv\) — > (1,2,4,6). If {a, b} = {1,2} and {c, d} = 
{3,5}, let {viV 2 ,v 3 Vo} — > 6 and (v v 2 , vv 1, v v 3 , Wq) — > (1,3,4,5). If {a, b} = {1,3} 
and {c,d} = {2,5}, let {v \V 2) t>3t>o} — > 6 and (t>t> 2 , t>t> , t>t> 3 , -ut^) — >■ (1,2,4,5). 

Case 5 v\v 2 G -E(C7) and ^3, V3V 0: vqV\, V1V3, v 2 v £ E(G). 

Let V 1: V 2 be defined similarly as in Case 4. By Cases 1 to 4 , V\ fl V 2 = 0. Let = 
G - {v, vi, v 2 } + {u, uvu, uv 12 , uv 2 i,uv 22 , v 3 v } and assume (uv n ,uv 12 , uv 21 , uv 22 ) c = 
(1,2,3,4), as shown in Fig. 9. Then, first let ViVij — > c(uVij) for i,j G {1,2}. Next, 
since c{v3Vq) = 1 or c(v3V ) = 5, we need to consider the following. 

Case 5.1 c(f 3 f ) = 1. 
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Case 5 



H 



Fig. 9: The configuration in Case 5. 

Case 5.1.1 2 £ C(v 3 ). 

If G contains neither (2, 3)(„ li „ 3 )-path nor (1, 3)(„ ljW )-path, let (vv , vv 3 , vv±, v±v 2 , vv 2 ) 
—> (1,2,3,5,6). Otherwise, G contains either a (2, 3)(„ 1; „ 3 )-path or a (1, 3)(„ ljt , )-path. 
If 3 G C(v 3 )\C(vo)i then let (vv 2 , vv 3 , vv ) — > (1, 2, 3) and vv\ — > x± G {4, 5, 6}\C(t> 3 ), 
^i^2 — > Vi £ {5,6}\{xi}. If 3 G (7(uo)\C(t;3), then let (vv ,vv 2 ,vv 3 ) — >■ (1,2,3) and 
wi ->■ x 2 G {4,5,6}\C(t;o), uiu 2 -> 1/2 G {5,6}\{:r 2 }. Otherwise, 3 G C(u 3 ) fl C(u ), 
4 G C(v 3 ) fl C(f ) similarly and then 5 G" C(t> 3 ). First, let {f if 2 , ff 3 } — > 5 and 
(vvo,vv 2 ,vvi) — >■ (1,2,6). Next, if G contains no (1, 6)(„ 1) „ )-path, then we are 
done; otherwise, G contains a (1, 6)(„ 1; „ )-path, which cannot pass through t> 3 and 
C(vq) = {3,4,6}. We switch the colors of vv 3 and vv . Otherwise, assume that 

2 G C(v 3 ) and 2 G C(v ) similarly. 

Case 5.1.2 3 £ C(u 3 ). 

First, assume that G contains no (1, 4)(„ l5 „ )-path and let (i>i>o, vv 3 , vv\) — > (1, 3, 4). 
If G contains no (3, i)(„ 2; „ 3 )-path for some % G {2,5,6}, then let vv 2 — > i and i^i^ — > 
a G {5,6}\{i}. Otherwise, G contains a (3, i)(„ 2i „ 3 )-path for any % G {2,5,6} and 
C(u 2 i) = {3,2,5,6}, C(v 3 ) = {2,5,6}. If {5,6}\G(^) ^ and 5 G* C(u ), then 
let (v 2 v 2 i,viv 2 ,vv 2 ) — > (1,3,5); otherwise, {5,6} C C(v ), G(t>o) = {1,2,5,6} and let 
(vv 2 , vvq, v±v 2 , vv\) — > (1, 4, 5, 6). Next, assume that G contains a (1, 4)( 1 , li „ )-path and 
4 G C(t> ), 5 G" C(t> ). Then, let (vv 3 ,vv 2 ,vvi,vv ,Viv 2 ) — >■ (1,2,4,5,6). Otherwise, 

3 G C(u 3 ) and 3 G C(u ). 

Case 5.1.3 C(u 3 ) = C(v ) = {2,3,4}. 

First, let {v±v 2 , vv } — > 5 and (vv 3 ,vv 2 ,vvi) — > (1,2,6). Next, if G contains no 
(2, 5)(„ li t, )-path, then we are done; otherwise, G contains a (2, 5)(„ 1) „ )-path, we switch 
the colors of vv 3 and vv . 

Case 5.2 c(v 3 v ) = 5. 
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By symmetry, we may assume that 1 C{y 3 ). If G contains no (1, i)(„ 1)V3 )-path 
for some i G {3,4}, then let (vv 3 ,W2,vvi,vvo,viV2) — > (1, 2, z, 5, 6). Otherwise, G 
contains a (1, i)(„ 1; „ 3 )-path for any % G {3, 4} and {3, 4} C C^njnC^). If 1 ^ C(v ), 
then let (ot , f ^2, w i, v v 3 , v iv 2 ) — > (1,2,3,5,6). Otherwise, 1 G C(v ). 

Case 5.2.1 G contains no (2, 5)(„ ljV0 )-path. 

If G contains no (1, 6)(„ 1)t , 3 )-path, then let {t>it> 2 , ft>o} — > 5 and (vv 3 ,W2,vvi) — > 
(1, 2, 6). Otherwise, G contains a (1, 6)(„ 1; „ 3 )-path and 6 G C(vu)r\C(v 3 ) and C(i>n) = 
{1,3,4,6}, C{y 3 ) = {3,4,6}. If G contains no (2, i) ( Vlj „ 3 ) -path for some i G {3,4,6}, 
then let (w2,OT3,OT4,ut)i) — > (1,2,5, i) and viv 2 — > X4 G {5,6}\{i}. Otherwise, G 
contains a (2, i)(„ 1)t , 3 )-path for any % G {3, 4, 6} and C(i> 12 ) = {2, 3, 4, 6}. If 2 ^ C(v ), 
then let (ct 2) vv , vv 1 , vv 3 , Viv 2 ) — > (1, 2, 3, 5, 6). If 6 G" C(v ), then let {i>ii> 2 , vv } — >■ 6 
and (ot 3 ,OT2,oti) ->■ (1,2,5). Otherwise, C(-u ) = {1,2,6} and 4 ^ C(v ). Then, let 
{^2,^3} -> 1, {w Q ,viVu} ->■ 5, and (wi,ot 2 ) ->■ (4,6). 

Case 5.2.2 G contains a (2, 5)(„ 1)V0 )-path, and 5 G C(i>i 2 ), 2 G C(v ). 

Then, {3,4}\G(w ) ^ and assume that 3 £ C(u ). If 5 £ C(un), then let 
{wo, viVn} — >■ 5 and (!)u 3 , t>t> 2 , f f 1, t> ii> 2 ) — » (1, 2, 3, 6). Otherwise, C(vu) = {1, 3, 4, 5} 
Then, let {viv 2 ,vv 3 } — >■ 1 and (ot , udj, i>i> 2 , i>ii>ii) — >■ (3,4,5,6). □ 
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